Abstract. Let V , W be real algebraic varieties (that is, up to isomorphism, real algebraic sets), and X ⊆ V some subset. A map from X into W is said to be regular if it can be extended to a regular map defined on some Zariski locally closed subvariety of V that contains X. Furthermore, a continuous map f : X → W is said to be piecewise-regular if there exists a stratification S of V such that for every stratum S ∈ S the restriction of f to each connected component of X ∩ S is a regular map. By a stratification of V we mean a finite collection of pairwise disjoint Zariski locally closed subvarieties whose union is equal to V . Assuming that the subset X is compact, we prove that every continuous map from X into a Grassmann variety or a unit sphere can be approximated by piecewise-regular maps. As an application, we obtain a variant of the algebraization theorem for topological vector bundles. If the variety V is compact and nonsingular, we prove that each continuous map from V into a unit sphere is homotopic to a piecewise-regular map of class C k , where k is an arbitrary nonnegative integer.
Introduction
In this paper, by a real algebraic variety we mean a locally ringed space isomorphic to an algebraic subset of R m , for some m, endowed with the Zariski topology and the sheaf of real-valued regular functions (such an object is called an affine real algebraic variety in [6] ). The class of real algebraic varieties is identical with the class of quasi-projective real algebraic varieties, cf. [6, Proposition 3.2.10, Theorem 3. 4.4] . Morphisms of real algebraic varieties are called regular maps. Each real algebraic variety carries also the Euclidean topology, induced by the standard metric on R. Unless explicitly stated otherwise, we always refer to the Euclidean topology.
Topological properties of regular maps and their applications to algebraization of topological vector bundles were investigated in numerous papers [2-14,16-25,27,31-35,37-40,44-46,48,50,53, 61, 65, 68, 69, 73-77, 79, 80] . In general, regular maps are too rigid to reflect adequately topological phenomena. It is therefore desirable to introduce maps which have many good features of regular maps but are more flexible.
We first generalize the definition of regular map. The next step requires the concept of stratification. By a stratification of a real algebraic variety V we mean a finite collection of pairwise disjoint Zariski locally closed subvarieties (some possibly empty) whose union is equal to V . Definition 1.2. Let V , W be real algebraic varieties, f : X → W a continuous map defined on some subset X ⊆ V , and S a stratification of V .
The map f is said to be S-regular if for every stratum S ∈ S the restriction of f to X ∩ S is a regular map. Also, f is said to be piecewise S-regular if for every stratum S ∈ S the restriction of f to each connected component of X ∩ S is a regular map.
Moreover, f is said to be stratified-regular (resp. piecewise-regular) if it is T-regular (resp. piecewise T-regular) for some stratification T of V .
Essentially, these notions do not depend on the ambient variety V . More precisely, suppose that V is a Zariski locally closed subvariety of a real algebraic variety V . The map f : X → W is S-regular (resp. piecewise S-regular) if and only if it is S -regular (resp. piecewise S -regular), where S is the stratification of V defined by S = S ∪ {V \ V } ∪ {V \ V } with V the Zariski closure of V in V . Conversely, given a stratification P of V , the map f is P-regular (resp. piecewise P-regular) if and only if it is P(V )-regular (resp. piecewise P(V )-regular), where P(V ) is the stratification of V defined by P(V ) = {V ∩ P : P ∈ P}. Thus, in the definition of stratifiedregular (resp. piecewise-regular) it does not matter whether X is regarded as a subset of V or as a subset of V .
Evidently, each stratified-regular map is piecewise-regular, whereas the converse is not always true. General properties of these two classes of maps and relationships between them are discussed in Section 2. Stratified-regular maps and functions are thoroughly investigated, in a more restrictive framework, in [4, 28, 29, 41, 42, 47, 49, 51, 52, 55, 57, 58, 59, 63, 71, 72, 81] , where they sometimes appear under different names (cf. Remark 2.5). If X is a semialgebraic set, then each piecewise-regular map defined on X is semialgebraic. Theorem 2.9 provides a nontrivial characterization of piecewiseregular maps among semialgebraic ones.
In this section we concentrate on topological properties of piecewise-regular maps. With notation as in Definition 1.2, we let C(X, W ) denote the space of all continuous maps from X into W , endowed with the compact-open topology. We say that the map f can be approximated by piecewise S-regular maps if every neighborhood of f in C(X, W ) contains a piecewise S-regular map. Approximation of f by maps of other types (regular, S-regular, stratified-regular, piecewise-regular, etc.) is defined in the analogous way.
We pay special attention to maps with values in Grassmannians. We let F stand for R, C or H (the quaternions). When convenient, F will be identified with R d (F) , where d(F) = dim R F. We will consider only left F-vector spaces, which plays a role if F = H since the quaternions are noncommutative. For any integers r and n, with 0 ≤ r ≤ n, we denote by G r (F n ) the Grassmann space of r-dimensional F-vector subspaces of F n . As in [6, Sections 3.4 and 13.3], G r (F n ) will be regarded as a real algebraic variety. The disjoint union
is also a real algebraic variety.
Theorem 1.3. Let V be a real algebraic variety and let X ⊆ V be a compact subset. Then, for each positive integer n, every continuous map from X into G(F n ) can be approximated by piecewise-regular maps.
Under an additional assumption on X, we also have a stronger result. Virtually all topological spaces one encounters in real algebraic geometry are locally contractible; for example, any semialgebraic set is locally contractible, cf. [6, Theorem 9.3.6] .
The proofs of Theorems 1.3 and 1.4, given in Section 4, are based on some fairly explicit constructions.
It is well-known that maps with values in G(F n ) encode information on algebraic and topological F-vector bundles, cf. [6, 36] . This is also the case for stratified-algebraic F-vector bundles introduced in [58] and further investigated in [54, 56, 60, 63] . Theorems 1.3 and 1.4 have a bearing on Fvector bundles as well, which is elaborated upon in Section 5. The main results of Section 5 are Theorems 5.10 and 5.11. We also have an approximation theorem for maps with values in the unit n-sphere
Theorem 1.5. Let V be a real algebraic variety and let X ⊆ V be a compact subset. Then, for each positive integer n, every continuous map from X into S n can be approximated by piecewise-regular maps. Theorem 1.5, which is proved in Section 6, implies that each continuous map from X into S n is homotopic to a piecewise-regular map. However, the following homotopy result requires a different proof. Theorem 1.6. Let V be a compact nonsingular real algebraic variety, n a positive integer, and f : V → S n a continuous map. Then there exists a stratification S of V such that, for each nonnegative integer k, the map f is homotopic to a piecewise S-regular map g : V → S n of class C k .
We prove Theorem 1.6 in Section 7. It turns out that a suitable stratification S of V is quite simple and consists of at most 3 strata. Theorems 1.3, 1.5 and 1.6 are optimal in the sense explained in the following example. 
We will regard T m as a subset of R 2m+1 . Fix an integer m ≥ d(F) + 1, and let y 0 be a point in T m−d (F) . Let α be the homology class in
where u, α stands for the Kronecker product. Let π :
Since the normal bundle to N in T m is trivial and N is the boundary of a compact C ∞ manifold with boundary, it follows from [23, Proposition 2.5, Theorem 2.6] that there exist a nonsingular real algebraic variety V and a
is of class C ∞ , and
alg (V ; Z/2). By [58, Propositions 7.2 and 7.7] , h is not homotopic to any stratified-regular map. In particular, h cannot be approximated by stratified-regular maps, which is of interest in view of Theorems 1.3 and 1.5. Also, by Proposition 2.13, h is not homotopic to any piecewise-regular map of class C ∞ ; thus the case k = ∞ cannot be included in Theorem 1.6.
Furthermore, according to [15 Piecewise-regular maps are not always more flexible than regular maps. Example 1.9. Let F r be the Fermat curve of degree r in the real projective plane P 2 (R), We have already indicated how the present paper is organized. It should be added that Section 3 contains some preliminary technical results.
Henceforth, the following notation will be frequently used. Notation 1.10. For any function f : Ω → R defined on some set Ω, we put
General properties of piecewise-regular maps
We first deal with regular maps in the sense of Definition 1.1. 
Then the following conditions are equivalent:
Proof. It is clear that (a) implies (b).
Suppose that (b) holds, and let Z be the Zariski closure of X in V . We can find a Zariski open neighborhood Z 0 ⊆ Z of X and regular functionsf j :
Regular functions can be characterized as follows. 
(e) There exist two polynomial functions P, Q :
Proof. It readily follows that
Since the Zariski topology on R n is Noetherian, we can find a finite subset
hence (e) holds. The proof is complete.
A filtration of a real algebraic variety V is a finite sequence
The following is a generalization of [58, Proposition 2.2]. 
Proof. It is clear that (b) implies (a).
Suppose that (a) holds, and let Z ⊆ V be an irreducible Zariski closed subvariety. We can find a stratum S ∈ S such that the intersection S ∩ Z is nonempty and Zariski open (hence Zariski dense) subset of Z. Thus (c) holds for each irreducible Z. It immediately follows that (c) holds in the general case. Now suppose that (c) is satisfied. Set V 0 = V . Making use of (c) with Z = V 0 , we find a Zariski closed nowhere dense subvariety V 1 ⊆ V 0 such that the restriction of f to X ∩ (V 0 \ V 1 ) is a regular map. Note that dim V 1 < dim V 0 . We repeat this construction with Z = V 1 to get V 2 ⊆ V 1 , and so on. This process terminates after finitely many steps with V m+1 = ∅, which proves (b).
Let V , W be real algebraic varieties, X ⊆ V some subset, and Z the Zariski closure of X in V . We say that a map f : X → W is rational if there exists a Zariski open dense subset Z 0 ⊆ Z such that the restriction of f to X ∩ Z 0 is a regular map (no condition on the restriction of f to X \ (X ∩ Z 0 ) is imposed). In view of Proposition 2.3, each stratified-regular map is continuous rational. On the other hand, if the set Sing(V ) of singular points of V is nonempty, then it can happen that a function from V into R is continuous rational but it is not stratified-regular, cf. [42, Example 2] . However, the following holds. It is worthwhile to make a comment on the terminology used in different papers.
Remark 2.5. In view of Proposition 2.4, reading papers [47, 49, 51, 52, 55, 57] one can substitute everywhere stratified-regular maps for continuous rational maps. It follows from Proposition 2.3 that stratified-regular functions coincide with continuous hereditarily rational functions studied in [41, 42] . Furthermore, as explained in [28, 58, 63] , stratified-regular maps defined on a constructible subset of a real algebraic variety are identical with reguluous maps.
We now present a counterpart of Proposition 2.3 for piecewise-regular maps. 
In particular, the map f is piecewise-regular if and only if it is continuous and satisfies the equivalent conditions (a), (b), (c).
Proof. One can repeat the proof of Proposition 2.3 with only minor modifications.
We also have the following characterization of piecewise-regular maps. 
Proof. It is clear that (a) implies (b).
Suppose that (b) holds for some stratification S of V . For each stratum S ∈ S there exists a stratification T S of V such that for every stratum T ∈ T S the restriction of f to each connected component of X ∩ S ∩ T is a regular map. Note that P := {S ∩ T : S ∈ S and T ∈ T S } is a stratification of V , and the map f is piecewise P-regular. Thus (b) implies (a), as required.
Given a real algebraic variety V , a subset A ⊆ V is said to be a nonsingular algebraic arc if its Zariski closure C in V is an algebraic curve (that is, dim C = 1), A ⊆ C \ Sing(C), and A is homeomorphic to R. Proof. We may assume that W ⊆ R p is a Zariski closed subvariety. Hence, by Lemma 2.1, the proof is reduced to the case W = R.
It is clear that (a) implies (b).
Suppose that (b) holds for some stratification S of V . In view of [41, Proposition 3.5], for every stratum S ∈ S, the restriction f | X∩S is a piecewise-regular map. Consequently, by Proposition 2.7, f is a piecewise-regular map. Hence (b) implies (a), as required.
Piecewise-regular maps can be characterized among semialgebraic maps as follows. 
Hence, in view of Proposition 2.6, condition (a) holds.
For background on Nash manifolds and Nash functions we refer to [6] . The following variant of [41, Propositon 2.5] will be useful in the proof of Lemma 2.11. Proof. Let V be the Zarsiki closure of N in R n . Note that V is irreducible. Furthermore, the Zariski closure of the graph of f in V × R is also irreducible. Complexifying these data, we complete the proof arguing as in [41, Propostion 2.5].
In the proof of Theorem 2.9 we used the following. We next deal with piecewise-regular maps of class C ∞ . Initially, we consider functions on nonsingular real algebraic arcs. 
Regarding R as a subset of P 1 (R), we get a regular map ψ : C \ Sing(C) → P 1 (R) with ψ| C 0 = ϕ. Hence f = ψ| A by the identity principle for analytic maps. Consequently, f is a regular function.
Lemma 2.12 can be generalized as follows. It is clear that (b) implies (a).
We also have the following variant of Proposition 2.13. It is clear that (b) implies (a).
Functions on a simplex
This section is of a technical nature. Our main goal is Lemma 3.7, which is needed in Sections 4 and 6. For the sake of clarity, we begin with some preliminary facts. 
is a regular function on V whose restriction to W 1 ∪ W 2 is equal to f . Consequently, f is a regular function. 
Hence f | D∩U is a regular function in view of Lemma 3.2.
We give next the following variant of Lemma 3.1. We need the following approximation result for functions defined on a simplex. 
By the Weierstrass approximation theorem, there exists a polynomial function p
for all x ∈ ∆.
For p := p 1 q 1 + · · · + p r q r , we have
and p| D = 0. We complete the proof setting g := p| ∆ .
Piecewise-regular maps into Grassmannians
The role of Subsections 4.A and 4.B is to review some notation and terminology.
4.A Inner product and matrices
As in Section 1, we let F denote R, C or H. The F-vector space F n is endowed with the standard inner product −, − : (recall that we always consider left F-vector spaces). We will identify A with L A and write
This convention implies that L
We regard Mat n,r (F) as a real algebraic variety. If 1 ≤ r ≤ n, then the subset
of all matrices with linearly independent columns is Zariski open. Furthermore, the map
is a regular map, as is immediately seen by using the standard charts on G r (F n ).
4.B Vector bundles
For any topological F-vector bundle ξ on a topological space X, we denote by E(ξ) its total space and by p(ξ) : E(ξ) → X the bundle projection. The fiber of ξ over a point x ∈ X is E(ξ) x = p(ξ) −1 (x). Given a nonnegative integer n, we let ε n X (F) denote the standard product F-vector bundle on X with total space X × F n . Any morphism ϕ :
where A ϕ : X → Mat n,r (F) is a uniquely determined map, called the matrix representation of ϕ.
where ξ ⊥ is the orthogonal complement of ξ with respect to the standard inner product on F n . The orthogonal projection ρ ξ : ε n X (F) → ε n X (F) onto ξ is a topological morphism of F-vector bundles. We will also consider algebraic vector bundles on a real algebraic variety V . The product V × F n will be regarded as a real algebraic variety. By an algebraic F-vector bundle on V we mean an algebraic F-vector subbundle of ε n V (F) for some n (cf. [6, Chapters 12 and 13] and [34, 35] for various characterizations of algebraic F-vector bundles).
If
is an algebraic morphism, then the matrix representation
of ϕ is a regular map. If ξ is an algebraic F-vector subbundle of ε n V (F), then its orthogonal complement ξ ⊥ is also an algebraic F-vector subbundle, and the orthogonal projection
Lemma 4.1. Let V be a real algebraic variety, and f : X → G r (F n ) a continuous map defined on some subset X ⊆ V . Then the map P f : X → Mat n (F), where P f (x) : F n → F n is the orthogonal projection onto f (x) ⊆ F n for all x ∈ X, is continuous. Furthermore, if the map f is regular, then so is the map P f .
Proof. We regard the pullback ξ := f * γ r (F n ) as a topological F-vector subbundle of ε n X (F), hence
It follows that P f is the matrix representation of the orthogonal projection ρ ξ : ε n X (F) → ε n X (F) onto ξ. Consequently, P f is a continuous map. Now, suppose that f is a regular map. It suffices to consider the case where X is a Zariski locally closed subvariety of V . Then ξ is an algebraic F-vector subbundle of ε n X (F), hence the argument above shows that P f is a regular map.
4.C Maps into Grassmannians
We can now prove the following variant of Lemma 3.7.
Lemma 4.2. Let
Proof. Consider the map P = P f : ∆ → Mat n (F), where P (x) : F n → F n is the orthogonal projection onto f (x) ⊆ F n for all x ∈ ∆. By Lemma 4.1, P is a continuous map and the restriction P | Γ : Γ → Mat n (F) is a regular map for every (d − 1)-simplex Γ ∈∆.
We regard the pullback ξ := f * γ r (F n ) as a topological F-vector subbundle of ε 
is a well-defined regular map, close to f . We may assume that g ∈ U. Furthermore,
An important consequence of Lemma 4.2 is the following. In what follows, we will use stratifications constructed in a fairly simple way. Any finite simplicial complex K in R m gives rise to a filtration 
we obtain a stratification of R m . More generally, if V ⊆ R m is a Zariski closed subvariety, then the collection
is a stratification of V , which is said to be induced by K. Obviously, Proof. It suffices to consider the case V = R m . If S ∈ S K (R m ) = S K , then each connected component of X ∩ S is contained in a connected component of |K| ∩ S, which in turn is contained in some simplex ∆ ∈ K by construction of S K .
We are now ready to prove the first two theorems announced in Section 1.
Proof of Theorem 1.3. Let n be a positive integer. We may assume that V ⊆ R m and G( ρ(F (x) ) for x ∈ U , is a continuous extension of f . Since X is a compact set, we can find a finite simplicial complex K in R m with X ⊆ |K| ⊆ U . In view of Proposition 4.3, there exists a continuous map ϕ : |K| → G(F n ), arbitrarily close tof | |K| , such that the restriction ϕ| ∆ : ∆ → G(F n ) is a regular map for every simplex ∆ ∈ K. According to Lemma 4.4, the
The proof is complete since g is close to f .
Proof of Theorem 1.4. It can be assumed that V ⊆ R
m is a Zariski closed subvariety, hence X ⊆ R m . By Borsuk's theorem [26, p. 537] , X is a retract of some neighborhood U ⊆ R m . We can find a finite simplicial complex K in R m with X ⊆ |K| ⊆ U . Thus there exists a retraction r : |K| → X.
We claim that the induced stratification S := S K (V ) of V has all the required properties. Indeed, let n be a positive integer and let f :
is a continuous extension of f . By Proposition 4.3, there exists a continuous map ϕ : |K| → G(F n ), arbitrarily close to f • r, such that the restriction ϕ| ∆ : ∆ → G(F n ) is a regular map for every simplex ∆ ∈ K. In view of Lemma 4.4, the restriction g := ϕ| X : X → G(F n ) is a piecewise S-regular map. This completes the proof since g is close to f .
We also have the following variant of Theorem 1.4.
Then, for each positive integer n, every continuous map from X into G(F n ) can be approximated by piecewise S K -regular maps.
Proof. Let r 0 : U → X 0 be a retraction. Then r X : U → X, given by
is a well-defined retraction. Let n be a positive integer and let f : 
According to Example 1.7, we can find a nonsingular Zariski closed subvariety
such that V = β(T m ) ⊆ |K| and h is not homotopic to any stratified-regular map. By Theorem 4.5, for each positive integer n, every continuous map from V into G(F n ) can be approximated by piecewise S K -regular maps. In particular, this is the case for the map h.
Piecewise-algebraic vector bundles
Comparison of algebraic and topological vector bundles on a given real algebraic variety V is a challenging problem, cf. [2] [3] [4] [5] [6] 11, 12, 14, 21, 22, 25, 27, 31, 39, [44] [45] [46] 74, 76, 77] . Unless the variety V is quite exceptional, one can find a topological vector bundle on V that is not topologically isomorphic to any algebraic vector bundle. On the other hand, in some sense, algebraization of topological vector bundles is possible, cf. [2, 46, 66, 67, 76, 77] . In this section we look at the algebraization problem from a new perspective. The main results are Theorems 5.10 and 5.11, derived from Theorems 1.3 and 1.4, respectively.
We will use freely notation introduced in Section 4. Moreover, given a topological space X, a subspace A ⊆ X, and a topological morphism ψ : θ → ω of topological F-vector bundles on X, we let ψ A : θ| A → ω| A denote the restriction morphism defined by
We first generalize the definition of algebraic vector bundle. If ξ and η are algebraic F-vector bundles on X, then an algebraic morphism ϕ : ξ → η is a topological morphism such that there exist algebraic extensions (Z 0 ,ξ), (Z 0 ,η) of ξ, η, respectively, and an algebraic morphismφ :ξ →η withφ X = ϕ.
Algebraic F-vector bundles on X, together with algebraic morphisms, form a category. Proof. Let (Z 0 ,ξ), (Z 0 ,η), andφ :ξ →η be as in Definition 5.1. Shrinking Z 0 if necessary, we may assume that the algebraic morphismφ is bijective. Thus the proof is reduced to the case where X is a Zariski locally closed subvariety of V .
Our goal is to prove that the inverse map ϕ −1 : E(η) → E(ξ) is a regular map. The problem is local for the Zariski topology on X, so it suffices to consider ξ = η = ε n X (F). Let A = A ϕ : X → Mat n (F) be the matrix representation of ϕ. Then A is a regular map and
Consequently, ϕ −1 is a regular map, as required. Proof. This is a standard fact if X is a Zariski locally closed subvariety of V . The general case follows immediately.
We denote by γ(F n ) the algebraic F-vector subbundle of ε n G(F n ) (F) whose restriction to G r (F n ) is γ r (F n ) for 0 ≤ r ≤ n. Given a topological space X and a continuous map f : X → G(F n ), we regard the pullback f * γ(F n ) as a topological F-vector subbundle of ε n X (F); thus
Conversely, if ξ is a topological F-vector subbundle of ε n X (F), then the map
is continuous and ξ = f * ξ γ(F n ). We call f ξ the classifying map for ξ. Note that the classifying map for f * γ(F n ) is f . Proof. This is well-known if X is a Zariski locally closed subvariety of V . The general case follows immediately.
Next we introduce the central notion of this section.
Definition 5.5. Let V be a real algebraic variety, X ⊆ V some subset, and S a stratification of V .
An S-algebraic (resp. a piecewise S-algebraic) F-vector bundle ξ on X is a topological F-vector subbundle of ε n X (F), for some n, such that for every stratum S ∈ S the restriction ξ| X∩S is an algebraic F-vector subbundle of ε n X∩S (F) (resp. for every stratum S ∈ S and each connected component Σ of X ∩S the restriction ξ| Σ is an algebraic F-vector subbundle of ε n Σ (F)). In that case, ξ is also said to be an S-algebraic (resp. a piecewise S-algebraic) F-vector subbundle of ε n X (F). If ξ and η are S-algebraic (resp. piecewise S-algebraic) F-vector bundles on X, then an Salgebraic (resp. a piecewise S-algebraic) morphism ϕ : ξ → η is a topological morphism such that for every stratum S ∈ S the restriction ϕ X∩S : ξ| X∩S → η| X∩S is an algebraic morphism (resp. for every stratum S ∈ S and each connected component Σ of X ∩ S the restriction ϕ Σ : ξ| Σ → η| Σ is an algebraic morphism).
A stratified-algebraic (resp. a piecewise-algebraic) F-vector bundle on X is a T-algebraic (resp. a piecewise T-algebraic) F-vector bundle on X for some stratification T of V .
If ξ and η are stratified-algebraic (resp. piecewise-algebraic) F-vector bundles on X, then a stratified-algebraic (resp. a piecewise-algebraic) morphism ϕ : ξ → η is a T-algebraic (resp. a piecewise T-algebraic) morphism for some stratification T of V such that both ξ and η are T-algebraic (resp. piecewise T-algebraic) F-vector bundles on X.
It is clear that S-algebraic (resp. piecewise S-algebraic) F-vector bundles on X, together with S-algebraic (resp. piecewise S-algebraic) morphisms, form a category. Similarly, stratifiedalgebraic (resp. piecewise-algebraic) F-vector bundles on X, together with stratified-algebraic (resp. piecewise-algebraic) morphisms, form a category.
In a somewhat less general context, S-algebraic and stratified-algebraic F-vector bundles are thoroughly investigated in [54, 56, 58, 60, 63] . Proposition 5.6. Let V be a real algebraic variety, X ⊆ V some subset, S a stratification of V , and ξ a topological F-vector subbundle of ε n X (F) for some n. Then the following conditions are equivalent:
Proof. This follows from Lemma 5.4.
As a direct consequence, we obtain the following. Vector bundles introduced in Definition 5.5 can be compared with topological vector bundles.
Proposition 5.8. Let V be a real algebraic variety, X ⊆ V a compact subset, and S a stratification of V . Let ξ and η be S-algebraic (resp. piecewise S-algebraic) F-vector bundles on X that are topologically isomorphic. Then ξ and η are also isomorphic in the category of S-algebraic (resp. piecewise S-algebraic) F-vector bundles on X.
Proof. We consider explicitly only the piecewise S-algebraic case, the S-algebraic one being completely analogous. Thus, ξ (resp. η) is a piecewise S-algebraic F-vector subbundle of ε
be the matrix representation of ϕ. By the Weierstrass approximation theorem, we can find a regular map
is an algebraic morphism. In view of Lemma 5.3, the orthogonal projection
is a piecewise S-algebraic morphism which transforms ξ onto η. Consequently, the morphism σ : ξ → η determined by ρ η • ψ is bijective and piecewise S-algebraic. It follows from Lemma 5.2 that σ is a piecewise S-algebraic isomorphism.
Proposition 5.8 implies immediately the following.
Corollary 5.9. Let V be a real algebraic variety, and X ⊆ V a compact subset. Let ξ and η be stratified-algebraic (resp. piecewise-algebraic) F-vector bundles on X that are topologically isomorphic. Then ξ and η are also isomorphic in the category of stratified-algebraic (resp. piecewisealgebraic) F-vector bundles on X.
As an application of Theorem 1.3, we obtain the following result. Proof. Let ξ be a topological F-vector bundle on X. Since X is compact, one can find a positive integer n and a continuous map f : In a similar way, we can derive from Theorem 1.4 the next result.
Theorem 5.11. Let V be a real algebraic variety and let X ⊆ V be a compact locally contractible subset. Then there exists a stratification S of V such that each topological F-vector bundle on X is topologically isomorphic to a piecewise S-algebraic F-vector bundle on X, which is uniquely determined up to piecewise S-algebraic isomorphism.
Proof. According to Theorem 1.4, there exists a stratification S of V such that, for each positive integer n, every continuous map from X into G(F n ) is homotopic to a piecewise S-regular map. Let ξ be a topological F-vector bundle on X. One can find a positive integer n and a continuous map f : X → G(F n ) such that ξ is topologically isomorphic to the pullback f * γ(F n ). Hence ξ is topologically isomorphic to the pullback η := g * γ(F n ), where g : X → G(F n ) is a piecewise Sregular map homotopic to f . By Proposition 5.6, η is a piecewise S-algebraic F-vector bundle on X. The proof is complete in view of Proposition 5.8.
In Theorems 5.10 and 5.11, piecewise-algebraic and piecewise S-algebraic cannot be replaced by stratified-algebraic and S-algebraic, respectively. 
be as in Example 1.7. We claim that the topological F-vector bundle ξ := h * γ 1 (F 2 ) on V is not topologically isomorphic to any stratified-algebraic F-vector bundle. Indeed, write ξ R and γ 1 (F 2 ) R to indicate that ξ and γ 1 (F 2 ) are regarded as topological R-vector bundles. Since
alg (V ; Z/2), where w q (−) stands for the qth Stiefel-Whitney class. The claim follows in view of [58, Propositions 7.3 and 7.7] .
Let f and g be real-valued regular functions on V with Z(f ) = Z and Z(g) = ∂T . If l is a nonnegative integer, then
2l for x ∈ V \ T is a C l function that satisfies (i) and (ii).
Our proof of Theorem 1.6 depends on the Pontryagin-Thom construction. Unless explicitly stated otherwise, all C ∞ manifolds will be without boundary. Submanifolds will be closed subsets of the ambient manifold. The unit n-sphere S n will be oriented as the boundary of the unit (n + 1)-disc. For any compact C ∞ manifold X there is a canonical one-to-one correspondence
where π n (X) is the set of all homotopy classes of continuous maps from X into S n , and F n (X) is the set of framed cobordism classes of framed submanifolds of X of codimension n, cf. [43, 70] for details. Given a continuous map f : X → S n , we denote by PT(f ) the element of F n (X) corresponding to the homotopy class of f .
It is convenient to introduce some notation related to this construction. A framed submanifold of X of codimension n is a pair (M, F ), where M ⊆ X is a C ∞ codimension n submanifold, and F = (v 1 , . . . , v n ) is a C ∞ framing of the normal bundle to M in X. The normal space to M in X at x ∈ M is the quotient N x M := T x X/T x M of the tangent spaces; thus (v 1 (x), . . . , v n (x)) is a basis for N x M .
Given a continuous map f : X → S n and a point y ∈ S n , suppose that for some open neighborhood U ⊆ S n of y the restriction map f | f −1 (U ) : f −1 (U ) → U is of class C ∞ and transverse to y. Choose a positively oriented basis B = (w 1 , . . . , w n ) for T y S n . Then PT(f ) ∈ F n (X) is represented by the framed submanifold (f −1 (y), F (f, B)), where F (f, B) = (v 1 , . . . , v n ) and (v 1 (x), . . . , v n (x)) is transformed onto (w 1 , . . . , w n ) by the isomorphism N x M → T y S n induced by the derivative d x ϕ : T x X → T y S n for every x ∈ f −1 (y). Let ϕ : X → R n be a C ∞ map transverse to 0 ∈ R n and let M be the union of some connected components of ϕ −1 (0). Then we obtain a framed submanifold (M, F (ϕ)) of X, where F (ϕ) = (v 1 , . . . , v n ) and (v 1 (x), . . . , v n (x)) is transformed onto the canonical basis for R n by the isomorphism N x M → R n induced by the derivative d x ϕ : T x X → T 0 R n = R n for every x ∈ M .
Proof of Theorem 1.6. The case dim V < n is obvious since then f is null homotopic. Suppose that dim V ≥ n, and let (M, F ) be a framed submanifold of V which represents PT(f ). By a standard transversality argument, we obtain a C ∞ map ϕ : V → R n such that ϕ is transverse to 0 ∈ R n , M is the union of some connected components of ϕ −1 (0), and (M, F ) is framed cobordant to (M, F (ϕ)). In view of the Weierstrass approximation theorem, there exists a regular map ψ : V → R n arbitrarily close to ϕ in the C ∞ topology. Then ψ is transverse to 0 ∈ R n and Z := ψ −1 (0) is isotopic to ϕ −1 (0), cf. α(x) 2(q+r) ) for x ∈ V \ K a for x ∈ K is of class C k . Since ρ is a biregular isomorphism, the restrictions g| T \K and g| int T are regular maps. Consequently, S := {Z, ∂T, V \ (Z ∪ ∂T )} is a stratification of V , and the map g is piecewise S-regular.
It remains to prove that g is homotopic to f or, equivalently, PT(g) = PT(f ). To this end, let B be the basis for T b S n which corresponds to the canonical basis for R n via the isomorphism d b ρ : T b S n → R n . Note that the restriction of g to g −1 (S n \ {a}) = V \ K is a C ∞ map transverse to b ∈ S n and g −1 (b) = N . It readily follows that (N, F (g, B) ) is framed cobordant to (N, F (ϕ)). Hence (N, F (g, B) ) is framed cobordant to (M, F ), which implies that PT(g) = PT(f ), as required. 
